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Let *F* denote a non-Archimedean local field with finite residue field. Let *G* be the *F*-points of a connected reductive algebraic group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {Irr}G$$\end{document}$ denote the set of isomorphism classes of irreducible smooth complex *G*-representations and let $\documentclass[12pt]{minimal}
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It is natural to ask if in fact ([1.1](#Equ1){ref-type=""}) induces a bijection of irreducible unitary representations. (We are identifying here preunitary smooth *G*-representations with unitary *G*-representations.) In complete generality, this is clearly false, as seen, for example, by taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=e_{K_0}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_0$$\end{document}$ is a maximal special compact open subgroup. In that case, if *V* is any irreducible representation with a $\documentclass[12pt]{minimal}
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Theorem 1.1 {#FPar1}
-----------
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In addition we show

Theorem 1.2 {#FPar2}
-----------

Every irreducible smooth *G*-representation contains a rigid type.

The rigid type in Theorem [1.2](#FPar2){ref-type="sec"} can be taken to be either a level zero *G*-type as in \[[@CR34]\], or a positive level unrefined minimal *K*-type, in the sense of \[[@CR35]\].

In the particular situation when *G* is *GL*(*n*, *F*) or one of its inner forms, it is immediate to see that every type is rigid. This has to do with the fact that there is only one conjugacy class of maximal compact open subgroups.
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Corollary 1.3 {#FPar3}
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These results represent a generalization of the Barbasch and Moy preservation of unitarity \[[@CR4], [@CR5]\] which is the case $\documentclass[12pt]{minimal}
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In the present paper, the proof of Theorem [1.1](#FPar1){ref-type="sec"} still relies on Vogan's signature character, but instead of considering *K*-signature characters with respect to the maximal special compact open subgroup $\documentclass[12pt]{minimal}
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We give a brief outline of the paper. In Sect. [2](#Sec2){ref-type="sec"}, we present the definitions and main properties of the *K*-signature character of a Hermitian *G*-representation and adapt Vogan's signature theorem to our setting. The main result of the section is Theorem [2.7](#FPar12){ref-type="sec"}. In Sect. [3](#Sec10){ref-type="sec"}, we explain the ideas around the cocenter and trace Paley--Wiener theorem that we need for our applications. The main points are the rigid trace Paley--Wiener theorems for Bernstein components, Corollaries [3.7](#FPar24){ref-type="sec"} and [3.8](#FPar26){ref-type="sec"}. In Sect. [4](#Sec18){ref-type="sec"}, we use these results to give proofs of Theorem [1.1](#FPar1){ref-type="sec"} and of Corollary [1.3](#FPar3){ref-type="sec"}. Finally, in Sect. [5](#Sec23){ref-type="sec"}, we discuss the notion of rigid type in more detail and prove Theorem [1.2](#FPar2){ref-type="sec"}.

Vogan's signature character {#Sec2}
===========================
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The signed Grothendieck group {#Sec3}
-----------------------------
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Suppose *K* is a compact open subgroup of *G*. Every smooth irreducible *K*-representation $\documentclass[12pt]{minimal}
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If *R* is any admissible module, define the hyperbolic form on $\documentclass[12pt]{minimal}
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### Definition 2.1 {#FPar4}
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Langlands data {#Sec4}
--------------
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### Theorem 2.3 {#FPar6}
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The Bernstein center {#Sec6}
--------------------

We recall the definitions of the Bernstein center and the inertial equivalence class. Let *M* be a Levi subgroup of *G* with the subgroup $\documentclass[12pt]{minimal}
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The *K*-character {#Sec8}
-----------------

Let *K* be a compact open subgroup. The goal is to express the *K*-signature of an irreducible smooth *G*-representation in terms of that of tempered modules. A first step is the simpler result for *K*-multiplicity functions.

### Lemma 2.4 {#FPar7}
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### Proof {#FPar8}
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The Jantzen filtration {#Sec9}
----------------------

We summarize the necessary results about the Jantzen filtration and the signature character, see \[[@CR43], §3\], \[[@CR2], §14\], also \[[@CR4], §5\] for the *p*-adic analogue.
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\[[@CR43], Theorem 3.8\]

With the notation as above, the Jantzen filtration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=X^0\supset X^1\supset X^2\supset \dots \supset X^N=\{0\}$$\end{document}$ is a filtration of *G*-representations.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^0/X^1$$\end{document}$ is the Langlands quotient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J_1$$\end{document}$.The radical of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle ^n$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle ^{n+1}$$\end{document}$. The nondegenerate form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle ^n$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^n/X^{n+1}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$-invariant. Write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {sig}}_1^{K,n}=(p_n,q_n): \widehat{K}\rightarrow {\mathbb {N}}\times {\mathbb {N}}$$\end{document}$ for its *K*-signature.For small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$, the nondegenerate invariant Hermitian form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle _{1+\epsilon }$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{1+\epsilon }$$\end{document}$ has signature $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}\left( \sum _n p_n,\sum _n q_n\right) . \end{aligned}$$\end{document}$$For small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$, the nondegenerate invariant Hermitian form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle _{1-\epsilon }$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{1-\epsilon }$$\end{document}$ has signature $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( \sum _{n \text { even}} p_n+\sum _{n \text { odd}} q_n,\sum _{n \text { odd}} p_n+\sum _{n \text { even}} q_n\right) . \end{aligned}$$\end{document}$$Equivalently,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathsf {sig}}_{1+\epsilon }^K={\mathsf {sig}}_{1-\epsilon }^K+(1-s)\sum _{n\text { odd}} {\mathsf {sig}}_1^{K,n}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathsf {sig}}_{t}$$\end{document}$ denotes the *K*-signature of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle ,\rangle _t$$\end{document}$.

Before we get to the signature theorem, we need a lemma which will insure that the inductive algorithm terminates (see also \[[@CR40], Lemma 2.12\] for similar considerations).
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We can now state the analogue of Vogan's signature theorem, cf. \[[@CR43], Theorem 1.5\], \[[@CR4], Theorem 5.2\].

### Theorem 2.7 {#FPar12}
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### Corollary 2.8 {#FPar14}

With the same notation as in Theorem [2.7](#FPar12){ref-type="sec"}:$$\documentclass[12pt]{minimal}
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### Proof {#FPar15}
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### Remark 2.9 {#FPar16}

The same formula in Theorem [2.7](#FPar12){ref-type="sec"} holds with respect to different star operations $\documentclass[12pt]{minimal}
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Rigid tempered representations {#Sec10}
==============================

In this section, we explain several relevant results from \[[@CR8], [@CR19]--[@CR21]\] which will allow us to sharpen the signature theorem [2.7](#FPar12){ref-type="sec"}. See also \[[@CR9], [@CR37], [@CR42]\] for more details on the relation between the cocenter, $\documentclass[12pt]{minimal}
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The compact cocenter {#Sec11}
--------------------
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The compact representations space {#Sec12}
---------------------------------
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### Definition 3.1 {#FPar17}
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In the case when *G* is semisimple, this is the same notion as that of the rigid quotient from \[[@CR19]\].

### Lemma 3.2 {#FPar18}
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### Proof {#FPar19}
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The trace map {#Sec13}
-------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_0(G)$$\end{document}$ denote the Grothendieck group of finitely generated projective *G*-representations. Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tau : K_0(G)\rightarrow \overline{{{\mathcal H}}}(G) \end{aligned}$$\end{document}$$denote the Hattori-Stallings trace map, see for example \[[@CR21], §2.2\].

The following result is essentially the abstract Selberg principle for *p*-adic groups proved in \[[@CR10]\].
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The trace Paley-Wiener theorem {#Sec14}
------------------------------

As in \[[@CR8], §1.2\], a linear map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F:R(G)\rightarrow {\mathbb {C}}$$\end{document}$ is called a good form if(i)For every standard Levi subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M<G$$\end{document}$, and every irreducible smooth *M*-representation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$, the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \mapsto i_M^G(\sigma \otimes \psi )$$\end{document}$ is a regular function on the complex algebraic variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal X}(M)$$\end{document}$.(ii)There exists a compact open subgroup *K* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(V)=0$$\end{document}$ for all admissible representations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\pi ,V)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V^K=0$$\end{document}$.Denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal F}(R(G))$$\end{document}$ the space of linear maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(G)\rightarrow {\mathbb {C}}$$\end{document}$ and by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal F}(R(G))_\mathsf {good}\subset {\mathcal F}(R(G))$$\end{document}$ the space of good forms on *R*(*G*). The following is the classical trace Paley--Wiener theorem.

### Theorem 3.4 {#FPar21}
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The rigid trace Paley-Wiener theorem {#Sec15}
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### Theorem 3.5 {#FPar22}
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Bernstein components {#Sec16}
--------------------
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### Proposition 3.6 {#FPar23}

\[[@CR21], Proposition 2.8\]
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Rigid pairs {#Sec17}
-----------
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### Corollary 3.8 {#FPar26}
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### Definition 3.9 {#FPar28}

We say that a pair (not necessarily a type) $\documentclass[12pt]{minimal}
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In Sect. [5](#Sec23){ref-type="sec"}, we will discuss important examples of rigid types.

The proofs of Theorem [1.1](#FPar1){ref-type="sec"} and Corollary [1.3](#FPar3){ref-type="sec"} {#Sec18}
===============================================================================================

We are now in position to prove Theorem [1.1](#FPar1){ref-type="sec"}.

A strong signature theorem {#Sec19}
--------------------------

Firstly, we can sharpen Theorem [2.7](#FPar12){ref-type="sec"} using the notion of rigid representations. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal B}}_c(G,{{\mathfrak s}})=\{V_1,\dots ,V_n\}$$\end{document}$ denote a basis of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{R}_c(G,{{\mathfrak s}})_{\mathbb {Q}}$$\end{document}$ consisting of irreducible tempered representations. From the previous section we know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{R}_c(G,{{\mathfrak s}})_{\mathbb {Q}}$$\end{document}$ is finite dimensional.

### Theorem 4.1 {#FPar29}
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### Proof {#FPar30}
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### Remark 4.2 {#FPar31}
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An easy implication {#Sec20}
-------------------
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The proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec21}
--------------------------------------------------
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The proof of Corollary [1.3](#FPar3){ref-type="sec"} {#Sec22}
----------------------------------------------------
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### Proposition 4.3 {#FPar32}
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In particular, we have a natural bijection between the unitary modules for the two algebras. Finally, the correspondence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M\mapsto M\otimes W \end{aligned}$$\end{document}$$is an equivalence of categories between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal H}}(G,\rho )$$\end{document}$-modules and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal H}}_W(G,\rho )$$\end{document}$-modules. Since *W* is a unitary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal E}_\rho $$\end{document}$-module, this equivalence restricts to a natural bijection of unitary modules. Thus Proposition [4.3](#FPar32){ref-type="sec"} together with ([4.19](#Equ56){ref-type=""}) imply that the natural equivalence of categories between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_\rho {{\mathcal H}}e_\rho $$\end{document}$-modules and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal H}(G,\rho )$$\end{document}$-modules induces a bijection of unitary modules. Hence Corollary [1.3](#FPar3){ref-type="sec"} follows from Theorem [1.1](#FPar1){ref-type="sec"}.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Rigid types {#Sec23}
===========

We retain the notation from Sect. [3](#Sec10){ref-type="sec"}.

Higher depth rigid types {#Sec24}
------------------------

Let *I* be an Iwahori subgroup and $\documentclass[12pt]{minimal}
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### Proposition 5.1 {#FPar33}
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### Proof {#FPar34}
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### Corollary 5.2 {#FPar35}

A Moy--Prasad unrefined minimal *K*-type of positive level is rigid.

### Proof {#FPar36}

This is immediate from Proposition [5.1](#FPar33){ref-type="sec"}. $\documentclass[12pt]{minimal}
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By \[[@CR15], Proposition 5.3\], every Moy--Prasad unrefined minimal *K*-type of positive level is a Bushnell--Kutzko type. This proves Theorem [1.2](#FPar2){ref-type="sec"} for irreducible *G*-representations which contain a Moy--Prasad type of positive level. By \[[@CR35], Theorem 5.2\], if that is not the case, then the irreducible *G*-representation contains a level zero type.

Level zero types {#Sec25}
----------------

We now look at the case of level zero types \[[@CR32]--[@CR34]\]. We refer to the *loc. cit.* for the necessary structural results from Bruhat--Tits theory, in particular, about parahoric subgroups. Fix an Iwahori subgroup *I*, and recall the Bruhat decomposition$$\documentclass[12pt]{minimal}
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### Theorem 5.5 {#FPar39}
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### Remark 5.6 {#FPar40}
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### Example 5.7 {#FPar41}

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=GL(m,D)$$\end{document}$, where *D* is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d^2$$\end{document}$-dimensional central division *F*-algebra, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=md$$\end{document}$, we know a complete list of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak s$$\end{document}$-types, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak s\in \mathcal B(G)$$\end{document}$, by the work of \[[@CR13]\] (for *GL*(*n*, *F*)) and \[[@CR41]\] (in general). All of these $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak s$$\end{document}$-types are rigid by the previous paragraph.

I am grateful to Xuhua He for many discussions about the cocenter and the trace Paley--Wiener Theorem. In fact, some of the ideas in this paper originate with the case of the Iwahori component sketched in \[[@CR18], Appendix\]. I thank Guy Henniart for pointing out a gap in an argument in a previous version of the paper; this motivated the introduction of the notion of rigid type. I also thank the referee for many helpful suggestions which led to the improvement of the paper. The results of this paper were presented during the special program on representation theory of reductive groups at the Weizmann Institute, Israel, in June 2017. I thank the organizers for the invitation to attend this excellent workshop and for the support provided by the Weizmann Institute during my stay. This research was supported in part by the EPSRC Grant EP/N033922/1(2016).
